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CS170: Midterm Exam |1
University of Californiaat Berkeley
Departmenbf ElectricalEngineeringandComputerSciences
ComputerScienceDivision

Demméd / Shewchuk

This is a closedbook, closedcalculatoy closedcomputer closednetwork, openbrain exam, but you are

permitteda one-pagedouble-sidedetof notes.

Write all your answerson this exam. If you needscratchpaper askfor it, write your nameon each

sheetandattachit whenyouturnit in (we have astapler).

Do not open your exam until you aretold to do so!

(1 point) Name:
(1 point) Login:

(1 point) Lab TA:

(1 point) Neighbor to your left:

(1 point) Neighbor to your right:

Do notwrite in theseboxes.

Problem # Possible | Score
Name,etc. 5
1. Network Flows 12
2. True/False 16
3. NP-Completeness 12
4. DynamicProgramming 15
Total 60
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Problem 1. (12points)Network Flows

In the flow network illustratedbelav, eachdirectededgeis labeledwith its capacity We are using
the Ford-Fulkersonalgorithmto find the maximumflow. The first augmentingpathis S-A-C-D-T, andthe
secondaugmentingpathis S-A-B-C-D-T.

R 3

a. (6 points)Draw theresidualinetwork afterwe have updatedheflow usingthesegwo augmentingaths
(in theordergiven).

ANSWER.

b. (4 points)List all of theaugmentingpathsthatcouldbe choserfor thethird augmentatiorstep.
ANSWER.
S-C-A-B-T, S-C-B-T, S-C-D-B-T, andS-C-D-T.

c. (2 points)Whatis the numericalvalueof the maximumflow? Draw a dottedline throughtheoriginal
graphto representhe minimumcut.
ANSWER.
5. Seetop figureabove for the minimumcut.
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Problem 2. (16 points)True or False?
Eachtrue/false questionis worth two points. You will lose two pointsfor a wrong answey so only
answelif youthink you arelikely to beright.

a. log(cy/n) € O(log+/n) forall ¢ > 0.
ANSWER.
True. Obsere thatlog(cy/n) = log ¢ + log v/n.

b. log* logn € ©(log* n).
ANSWER.
True. Obsere thatlog* logn = (log* n) — 1. (Think aboutthe definitionof log* to seewhy.)

c. A granddild in aforest-basedisjoint-setdatastructureis any nodethathasa grandparent(in other
words, neitherthe nodenor its parentis a root.) If we useunion-by-rank,a single union operation
cannotincreasehetotal numberof grandchildrerby morethann /2, wheren is the total numberof
nodes.

ANSWER.

False. The numberof grandchildrercanincreaseby up to n — 3. Considerthe following example,
with bothrootshaving rank1. A unionoperationmight make theright roota child of theleft.

b EBoTET

d. Let f beanon-emptyfile thatuses3-bit fixed-lengthcodevordsfor thecharactera—h. Thefile cannot
useary characteptherthantheseeight. Trueor false:Huffmancodingcanalwayscompresary such
file (i.e., produceanencodingwith fewer bits). (Don’t countthe bits neededo expressthe mapping
from bits to alphabet.)

ANSWER.

False.For example,if all eightcharacter®ccurwith thesamefrequengy, the Huffmanencodingwill
assigneachcharacter 3-bit codevord.

e. If A is an NP-completeproblem, and problemB reduces(polynomially) to A, thenB is an NP-
completeproblem.

ANSWER.

False. B might be mucheasier For example,the problemof determiningwhethera string of bits
includesa 1l canbeeasilyreducedo SAT, butit's certainlynotanNP-hardproblem.

f. Theproblemof finding the lengthof the shortespathbetweernwo nodesin a directedgraph(which
we would normally solve using Dijkstra’s algorithm) can be expressedas a linear program. (An
ordinary continuoudinear program;we’re not talking aboutinteger linear programs.)Assumethat
thereis only oneshortespath.

ANSWER.

True. For example,we canformulatethis asa min-costflow problem. (Notethat| didn’t say max-
flow.) Assignevery edgeof the grapha capacityof 1, anda costequalto its weight. We treatthis
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flow problemasalinearprogramwith the usualcapacityconstraintgtheflow throughany edgeis not
lessthanzeroandnotmorethanone),theusualconseration constraintgtotal flow into anodeequals
total flow out of the node,exceptfor the sourceandsink), plusthe constrainthatthe amountof flow
out of the sourceis one. The objectie functionis the usualfor min-costflow: thesumover all edges
of theflow throughanedgetimesthe costof theedge.Sincethereis only oneshortespath,theentire
oneunit of flow will move throughtheshortespath,andtherewill benofractionalflows.

g. Considera linear programwith threevariables(dimensions).If x is an optimal point of the linear
programthenz mustbe avertex of the polyhedronformedby the constraintginequalities).

ANSWER.

False.If theobjective vectoris orthogonato anedgeor afaceof thepolyhedrongz mightlie anywhere
within thatedgeor face.

h. Imaginewe have a computerwith aninfinite amountof RAM, in which any memoryaddressanbe
accesseth constantime. Thereexistsacomputemprogramof infinite lengththatsolvesSAT in linear
time.

ANSWER.

True. The simplestapproachs to have aninfinite tablethat mapsevery possibleinput to the correct
answeiffor thatinput. Our programmerelycorvertstheinputinto amemoryaddressn thetable,and
looksupthesolutionatthataddress.

If youthinkit's cheatingo have aninfinite tableof data,we cansolve SAT with programcodealone.
We walk throughtheinputonebit atatime. For eachbit, use“if ” statementto branchto codefor one
of threecases:a zerobit, aonebit, or the endof theinput string. The branchfor the endof a string
returns/printghecorrectsolutionfor theinput string. The othertwo branchegontinueby readingthe
next bit, andby having three-vay branchedasedn thatbit.
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Problem 3. (12 points)NP-Completeness

We know that max-flov problemscan be solved in polynomialtime. However, considera modified
max-flov problemin which every edgemusteitherhave zeroflow or be completelysaturated.In other
words,if thereis ary flow throughanedgeatall, theflow throughtheedgeis the capacityof theedge.Let’s
call aflow a satumatedflowif it satisfieghis additionalconstraintaswell asall theusualconstraintof flow
problems.The modifiedproblemasksusto find the maximumsaturatediow.

a. (1 point) Formulatethis problemasa decision(yes/no)problem.(We’'ll call it MAX-SATURATED-
FLOW.) Write your answelin the form of a question.

ANSWER.
Is therea saturatedlow of valuek or greater? (Alternative: is therea saturatedlow of value k£?)
Here,k is anarbitrarynumber
b. (3 points)Shav thatMAX-SATURATED-FLOW isin NP,
ANSWER.

For a certificate,we usea list of all the saturatecedges. Given sucha list, we cancheckin linear
time the flow out of the sourcenode,andwhetherthe conseration conditionfor eachnode(except
the sourceandsink) is satisfied.

c. (8 points)Shawv thatMAX-SATURATED-FLOW is NP-hard.Hint: the easiesteductionis not from
oneof theNP-completagraphproblemsyou know. WhatotherNP-completgroblemsdo you know?

ANSWER.
It's relatvely easyto reduceSUBSETSUM to MAX-SATURATED-FLOW. Considerthe NP-hard
problemof finding a subsebf {s1, s9, s3, ..., s, } thatsumsto ¢. This problemis solvedif we find a

saturatedlow of valuet in the following graph(or alternatvely, the maximumsaturatedlow of this
graph).
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Problem 4. (15 points)Dynamic Programming

Considetthe MaximumAlternatingSumSubsequend®ASS)problem.Givena sequence = [z1, 2,
..., T, of positive integers,find the subsequencd = [z;,,z;,, ...,z ], wherei; < iy < --- < 4, that
maximizesthealternatingsum

Tiy — Tiy + Tijg — gy + -~ :|:.’Ez'k.

For example,if S = [4,9,2,4,1,3,7], theMASSis A = [9,2,4,1,7] whichevaluateto 9 — 2 + 4 —
1+7=17.1f § =[7,6,5,4,3,2,1], theMASSis A = [7]. Clearly, thelengthof the MASS dependn
theactualvaluesin S. Assumethatthelengthof S is at leastone,andall its elementsareintegersgreater
thanzero.

Thefollowing questionsaskyou to develop a dynamicprogrammingalgorithmto find the valueof the
MASS (but nottheactualsubsequencddr agivensequenceWe would lik e asolutionwith optimalrunning
time, but you will only loseafew pointsif you have a correct,suboptimalklgorithm.

a. (3 points)Describethe subproblemsou will needto solve. How mary tables(of subproblensolu-
tions)doyou needWVhatis thedimensionof thetable(s)Whatdo thetableentriesrepresent?Hint:
it helpsto treatsubsequenceas evenandoddlengthsseparately

ANSWER.

This questioncanbe answeredn several ways; heres one. Let E and O be two one-dimensional
tableswith indicesfrom zeroto n. O[i] will storethe valueof the maximumodd-lengthalternating
sumsubsequencef thefirst: element®f S, andE[:] will storethevalueof themaximumeven-length
alternatingsumsubsequencef thefirst ; elementof S.

b. (7 points)Write arecursiorfor thevaluesyouralgorithmwill fill into thetable(s).Also write thebase
case(s)j.e.thetablevalue(s)thatbootstrap(sjherecursion.
ANSWER.

RecursionO(i) = max{E(i — 1) + z;,0(: — 1)}; E(i) = max{O(: — 1) —z;, E(i — 1)}.
BasecasesO(0) = —oo; E(0) = 0.

(O(0) = 0 isacceptablehut notethatit wouldn't work if we allowed S to containnegative integers.)

c. (4 points)Write iteratve, non-recursie pseudocodéor your algorithm.
ANSWER.

O[0] + —oc0
E[0] <0
fori <~ 1ton
Oli] = max{E[i — 1] + z;, O[i — 1]}
E[i] = max{O[i — 1] — z;, E[i — 1]}
returnO|n|

If S couldcontainnegative integers,thelastline would have to returnmax{O[n], E[n]}.

d. (1 point) Whatis therunningtime of your algorithm?
ANSWER.
Oursrunsin O(n) time.



