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SOLUTIONS

Problem 1: You flip a fair coin repeatedly. What is the probability that you have to flip it exactly
10 times to see two “heads”?

Solution:

There must be exactly one head among the first nine flips and the last flip must be another head.
The probability of that event is



Problem 2: Let A, B,C be three events. Assume that
P(A) = 0.6,P(B) = 0.6,P(C) = 0.7,P(AnB) = 03,P(AnC) = 04, P(BNC) = 0.4, and
P(AUBUC)=1.Find PLANn BNC).

Solution:

We know that (draw a picture)
P(AUBUC)=P(A)+P(B)+P(C)—P(ANnB)—-P(ANnC)—-P(BNC)+ P(ANnBNC).
Substituting the known values, we find
1=06+06+07-03-04—-04+PANBNC),

so that
P(ANnBNC)=0.2.



Problem 3: There are two coins. The first coin is fair. The second coin is such that P(H) = 0.6 =
1 —P(T). You are given one of the two coins, with equal probabilities between the two coins. You flip
the coin four times and three of the four outcomes are H. What is the probability that your coin is

the fair one?

Solution:

Let A designate the event “your coin is fair.” Let also B designate the event “three of the fair

outcomes are H.”
We know that

B P(AN B) B P[B|A|P(A)
PAIBL = =py = PBIAPA) + PIBIAIPA)
C(4, 3)(1/2)4 B 94

C(4,3)(1/2)* + C(4,3)(0.6)3(0.4) 274+ (0.6)30.4"



Problem 4: Define the random variable X as follows. You throw a dart uniformly in a circle with
radius 5. The random variable X is equal to 2 minus the distance between the dart and the center of
the circle if this distance is less than or equal to one. Otherwise, X is equal to 0.

a. Plot carefully the probability distribution function F'(z) = P(X < z) for x € R := (—o0, +00).

b. Give the mathematical expression for the probability density function f(z) of X for z € R :=
(—00, +00).

Solution:

Let Y be the distance between the dart and the center of the circle.

a. When 1 <z <2 X <zif Y > 2 — z, which occurs with probability (25 — (2 — z)?)/25. Also,
X =0if Y > 1, which occurs with probability (25 — 1)/25 = 24/25. These observations translate into
the plot shown below:

F(x)
X=2-d<xifd>2-x, which
occurs w.p. (25 - (2 - x) 9)/25

- . |
24/25

b. Taking the derivative of F'(z), one finds

24 20 — 4
=225
2500 + =55

f(z) {1l <z <2}



