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• (10 Points) Print your name and lab time in legible, block lettering above
AND on the last page where the grading table appears.

• This exam should take up to 70 minutes to complete. You will be given at
least 70 minutes, up to a maximum of 80 minutes, to work on the exam.

• This exam is closed book. Collaboration is not permitted. You may not use
or access, or cause to be used or accessed, any reference in print or electronic
form at any time during the exam, except two double-sided 8.5”× 11” sheets
of handwritten notes having no appendage. Computing, communication,
and other electronic devices (except dedicated timekeepers) must be turned
off. Noncompliance with these or other instructions from the teaching staff—
including, for example, commencing work prematurely or continuing beyond the
announced stop time—is a serious violation of the Code of Student Conduct.
Scratch paper will be provided to you; ask for more if you run out. You may
not use your own scratch paper.

• The exam printout consists of pages numbered 1 through 10. When you
are prompted by the teaching staff to begin work, verify that your copy of
the exam is free of printing anomalies and contains all of the ten numbered
pages. If you find a defect in your copy, notify the staff immediately.

• Please write neatly and legibly, because if we can’t read it, we can’t grade it.

• For each problem, limit your work to the space provided specifically for that
problem. No other work will be considered in grading your exam. No exceptions.

• Unless explicitly waived by the specific wording of a problem, you must ex-
plain your responses (and reasoning) succinctly, but clearly and convincingly.

• We hope you do a fantastic job on this exam.
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MT2.1 (55 Points) Consider a discrete-time LTI filter F whose frequency response
is given by

∀ω ∈ R, F (ω) = 1− 1

4
eiω.

Recall that F (ω) =
∞∑

n=−∞
f(n) e−iωn.

(a) Determine an expression, as well as a well-labeled stem plot, for the filter’s
impulse response f(n). Is the filter causal?

(b) In this part you explore |F (ω)|, the filter’s magnitude response.

(i) Provide a well-labeled plot of |F (ω)|. Be sure to explain how you get
your plot. (We recommend the graphical method taught in lecture).

(ii) Specify whether the filter is low-pass, band-pass, high-pass, or none of
these types. Explain.
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(iii) What is the response of the filter to the input signal 1 + (−1)n? Explain.

(c) Suppose we create a composite system H by placing the filter F in the feed-
back configuration shown below:

(i) Determine the frequency response H(ω) of the composite system.
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(ii) Determine an expression, as well as a well-labeled stem plot, for the
composite system’s impulse response h(n).

(iii) Provide a well-labeled plot of the composite system’s magnitude re-
sponse |H(ω)|. Explain how you get your plot. (Again, we recommend
the graphical method taught in lecture).

(iv) Explain a benefit of placing the original filter F in the feedback config-
uration H. Do this in one of two ways. Either compare the magnitude
response plots |F (ω)| and |H(ω)|, or determine the response of the com-
posite system H to the input signal 1 + (−1)n and compare it with the
response of F to the same signal.
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MT2.2 (50 Points) In this problem we explore some of the properties of a class of
functions called Gaussians (the famous ”bell-shaped” curves). Gaussian functions
play an important role not only in probability and statistics, but also in signal pro-
cessing and communication theory.

The figure below shows a Gaussian function of the form q(t) = e−α(t−µ)2 .

The parameter µ is the center of symmetry of the function; in probability theory, it
is called the mean. Though the figure is drawn for a real-valued µ, this parameter
is allowed to be complex.

The parameter α describes the rate of decay of the Gaussian function as |t| → ∞;
throughout this problem, assume α > 0. In probability theory, α is related to the
standard deviation.

The area under the Gaussian function is given by the following integral:

∫ +∞

−∞
e−α(t−µ)2dt =

√
π

α
.

Note that the area does not depend on µ. For example, the zero-mean Gaussian
also has the same area.

∫ +∞

−∞
e−αt2dt =

√
π

α
.
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(a) Consider a continuous-time LTI system F whose impulse response f is the
Gaussian function

f(t) = e−αt2 .

Note that µ = 0 for this function f . We call F a Gaussian filter.

(i) Show that the Gaussian filter’s frequency response is also a Gaussian
function, given by

F (ω) =

√
π

α
exp

(
−ω2

4α

)
.

You will find the method of completing the square helpful, whereby you
can write

t2 − 2bt = (t− b)2 − b2,

for some appropriately chosen b.
In this case, plug in the expression for f(t) in

F (ω) =

∫ +∞

−∞
f(t) e−iωt dt ,

complete the square in the exponent, and use an area formula given on
the previous page.
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(ii) Provide well-labeled plots of the Gaussian filter’s magnitude response
|F (ω)| and phase response ∠F (ω).

(iii) Explain how the time-frequency uncertainty plays out for this filter. In
particular, how do the impulse response and frequency response change
shape when α is increased. How do they change shape when α is de-
creased? Remember, α > 0.

(iv) Determine the response of the filter if the input signal is constant,
x(t) = 1 for all t.

(iv) True or False? The Gaussian filter F is causal. Explain.
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(b) Suppose the Gaussian filter F is placed in a cascade configuration with an-
other Gaussian filter G, as shown in the figure below.

The filter G has impulse response g(t) = e−βt2 .

(i) Show that the frequency response H(ω) of the cascade interconnection
is also a Gaussian, namely,

H(ω) =
π√
αβ

exp

[
− ω2

4(α ‖ β)

]
,

where we’ve borrowed from circuit theory vernacular and let

α ‖ β =
αβ

α + β
or equivalently

1

α ‖ β
=

1

α
+

1

β
.
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(ii) Without much work, determine a reasonably simple expression for h(t),
the impulse response of the cascade system H.

(c) True or False? Explain each of your answers.

(i) The set of all Gaussian functions is closed under multiplication. That is,
multiplying two Gaussian functions produces another Gaussian func-
tion.

(ii) The set of all Gaussian function is closed under convolution.
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LAST Name FIRST Name

Lab Time

Problem Points Your Score
Name 10

1 55

2 50

Total 115
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